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ABSTRACT: In this paper we are interested to find teleparallel proper 
homothetic vector fields over the Lorentzian manifold of special axially 
symmetric static spacetime. For the purpose we applied teleparallel Lie 
derivative to the metric for homothetic equations and obtained ten coupled 
non linear differential equations. These equations are then solved for each 
possibility of the metric functions and it comes out that only in one case 
teleparallel proper homothetic vector fields exist for the special choice of 
metric functions. The spacetime admit eight dimensional teleparallel 
homothetic vector fields in which one is proper teleparallel homothetic vector 
and remaining seven are teleparallel Killing vector fields. 
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1. Introduction: After the birth of general relativity, our understanding of universe got momentum and 
different aspects of the universe have been studied through the knowledge provided by this theory. The 
study of conservation laws for the metric of a spacetime is one aspect that helps us to understand and 
expose the hidden realities of the universe. Since symmetries of a spacetime metric give rise to 
conservation laws [1], Killing, homothetic, conformal and self-similar symmetries of a spacetime metric 
are widely studied in the presence of curvature [2-11]. In the past it has been observed that the laws of 
gravitation can be equivalently described for the spacetime having torsion only [12]. The idea of Killing 
symmetry in teleparallel theory was introduced by M. Sharif et al [13]. They obtained Killing vectors for 
Einstein universe in the presence of torsion only. Much work has been done on finding Killing vector fields 
of different spacetimes in context of teleparallel theory of gravitation [14-18]. Homothetic vector fields are 
considered as an important symmetry in general relativity, as it preserve the metric up to a constant factor 
and give an extra symmetry ignored by the Killing symmetry. Homothetic vector fields in the presence of 
torsion in teleparallel theory are obtained in [19-22]. In order to understand the physical and geometrical 
aspects of our mysterious universe much work is needed to be done through different symmetries in the 
presence of curvature or torsion only. In this paper homothetic vector fields in context of teleparallel theory 
has been investigated for special axially symmetric static spacetime. The desired results are obtained for the 
special choice of the metric functions involved. In the following we are giving a brief introduction of 
teleparallel theory and then in next section teleparallel homothetic vector fields are obtained.  
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2. OVERVIEW: 
Covariant derivative   in teleparallel theory for a covariant tensor of rank 2 is defined as [23] 
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where comma is used for partial derivative and 
  is a Weitzenböck connection and defined as [23] 
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The tetrad fields defined above generate Riemannian metric as  
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where ab  is the Minkowski metric ).1,1,1,1diag(ab  An anti symmetric tensor in the lower indices 
known as torsion tensor is defined as [23] 
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A vector field X  is said to be teleparallel homothetic vector field if it satisfies equation  
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where 
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X
L  represents Lie derivative in teleparallel theory along the vector field X  and 
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3. MAIN RESULTS: 
Consider special axially symmetric static spacetime in usual coordinates ),,,( rt  (labeled by 
),,,,( 3210 xxxx respectively) with the line element [24] 
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where A  and B  are functions of r  and   only. Spacetime (7) admit two linearly independent Killing 
vector fields in general relativity, which are 
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 Using relation (4) the components of tetrad and 
its inverse can be obtained as follows 
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It can be verified easily that equations (3) and (4) between 
aS and 

aS  are satisfied. Using equation 
(2), the corresponding non-vanishing Weitzenböck connections are obtained as  
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Thus the non vanishing torsion components by using equation (5) are  
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A vector field X  is said to be teleparallel homothetic vector field if it satisfies equation (6). One can write 
(6) explicitly using (7) and (11) as: 
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In order to get teleparallel homothetic vector fields from the above equations we proceed as follows:  
Solving equations (12), (13), (20) and (21) respectively, a system of equations is formed  
),θr,(t,EαX
θ),r,(t,Eθ)r,(t,Eθ)(r,B
2
θ)(r,B
4
α
θ)r,(t,X
),θ,(r,E)θ,(r,Eθ)(r,Ae
2
t
θ)(r,Ae
4
αt
)θ,(r,teX
,)θ,(r,EtX
23
42
θθ
2
22
31
r
θ))B(r,θ)(A(r,
r
θ))B(r,θ)(A(r,
2
r
1θ))B(r,- θ)(A(r,1
10













E
E
 (22)  
where )θ,(r,Eθ),r,(t,E),θ,(r,E 321   and )r,(t,E4   are functions of integration. These 
unknown functions will be determined by the use of remaining six equations. Now using the system of 
equations (22) in equations (15), (16) and (18) respectively and solving, we reach to five different cases. 
We will discuss each case in turn.  
Case I: 
In this case the metric functions of (7) takes the form 3
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information and system of equations (22) in the remaining three equations (14), (17) and (19) respectively. 
After a lengthy calculation, solution of equations (12)-(21) is obtained as  
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In order to find proper teleparallel homothetic vector field we subtract Killing vector fields form (23) to get  
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In this case the metric functions of (7) takes the form )())(
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system of equations (22) in the remaining three equations (14), (17) and (19) respectively. After a lengthy 
calculation, we reach to an equation of the form 0,
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contradiction and so this case is not possible. 
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which again gives contradiction and hence this case is also not possible. 
Case IV: 
In this case ).(),,(  BBrAA   When we put back these information along with system of 
equations (22) we reach to an equation of the form  
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which gives contradiction and hence this case is also not possible. 
It is also important to note that in the case )(),(  BBAA   we once again reach to an equation 
which leads us to contradiction. Hence the spacetime admit teleparallel homothetic vector field in one case 
for the special choice of metric functions.  
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